We investigate a hybrid quantum system consisting of a cavity optomechanical device optically coupled to an ultracold quantum gas. We show that the dispersive properties of the ultracold gas can be used to dramatically modify the optomechanical response of the mechanical resonator. We examine hybrid schemes wherein the mechanical resonator is coupled either to the motional or the spin degrees of freedom of the ultracold gas. In either case, we find an enhancement of more than two orders of magnitude in optomechanical cooling due to this hybrid interaction. Significantly, based on demonstrated parameters for the cavity optomechanical device, we identify regimes that enable the ground state cooling of the resonator from room temperature. In addition, the hybrid system considered here represents a powerful interface for the use of an ultracold quantum gas for state preparation, sensing and quantum manipulation of a mesoscopic mechanical resonator.
I. INTRODUCTION
The control and manipulation of mesoscopic mechanical resonators by radiation pressure has fueled enormous interest in the use of optomechanical systems for applications to sensing, transduction and optomechanical information processing, as well as for foundational tests of quantum mechanics in the macroscopic domain [1] . While cavity optomechanics has seen remarkable advances in recent years, the preparation of mesoscopic mechanical resonators in the quantum regime remains a significant challenge. In particular, the requirements for ground state cooling include the ability to isolate the resonator from environmental sources of dissipation as well as the realization of a cavity optomechanical system in the 'resolved-sideband' regime [2] . Both these requirements become particularly challenging for optomechanical systems characterized by low frequency (< 1 MHz) mechanical resonators. Thus, for optomechanical systems operating in the optical domain, ground state cooling has, to date, only been demonstrated by the use of high frequency mechanical resonators and cryogenic cooling to reduce the thermal coupling to the environment [3] [4] [5] . On the other hand, low frequency resonators are particularly compelling for a variety of sensing applications due to the long coherence times and large zero-point motion, and methods to cool such resonators to the quantum regime will enable a variety of technical applications as well as fundamental studies.
A promising avenue to circumvent the limitations inherent to optomechanical cooling is the use of an auxiliary quantum system that can enhance the effective optomechanical response of the resonator. Several proposals involving such hybrid schemes [6] and other approaches [7] have been advanced to improve the perfor- * These two authors contributed equally to the work. mance of cavity cooling. Coupling a cold atomic ensemble to the mechanical resonator is of particular interest due to the precise control, wide tunability and strong optical interactions exhibited by atomic systems [8] [9] [10] [11] .
This article investigates the hybrid optical interaction between a cavity optomechanical system and an ensemble of ultracold atoms. We consider the situation where the mechanical resonator and the ultracold gas are embedded within distinct optical cavities that interact via a common 'coupling' laser (see Fig. 1 ). In addition to alleviating technical constraints, this modular approach also represents a powerful method to combine the co- herence, sensitivity and tunability of the atoms with the robustness and scalability of the optomechanical device.
As discussed below, the atomic gas is described as a three-level Λ system whose optical response to the coupling light field can be modified by a strong 'control' field. Such Λ configurations in atomic ensembles exhibit narrow resonances due to the competition between dissipation and dispersion. We consider specifically two well-known and complementary approaches towards that goal, Electromagnetically Induced Transparency (EIT) [12] and Recoil Induced Resonances (RIR) [13] [14] [15] [16] [17] . In either case, and for experimentally demonstrated values of the quality factor and of the Q × f product for the mechanical resonator [18] and the cavity optomechanical system, we find a broad and robust range of parameters for which the mechanical resonator can be cooled to its quantum ground state from room temperature.
In EIT, quantum interference between different excitation pathways to the same atomic level induces a narrow transparency window for the propagation of a weak resonant field that can be controlled via an external 'control' laser. The effect may be tuned by separating two lower-lying states via e.g. Zeeman splitting by means of an additional magnetic field. Intracavity EIT has already been proposed for cooling and entanglement in an optomechanical setup [19, 20] . Here, we explore a new regime in separate cavities and we obtain the surprising result of a very effective blue-sideband cooling.
In contrast, RIR is generated when the exchange of energy between the control and the coupling lasers is resonant with the transition between different atomic momentum states. This nonlinear effect can be tuned by changing the frequencies of the lasers or the intensity of the control field. In particular, long-lived momentum coherences, narrow resonance features and large gain in the coupling beam amplitude have been demonstrated [17] . We show that this spectrally narrow gain feature enhances the asymmetry between the optical sidebands at the mechanical frequency, which in turn leads to efficient cooling. This paper is organized as follows. In Section II we present the complete Hamiltonian for the system, comprising the optical, mechanical and atomic parts, as well as the coupling between the different cavities. We expand on the atomic Hamiltonian in Section III, reviewing the theory for the atomic response and discussing the atomic susceptibilities for EIT and RIR. Section IV is devoted to the analysis of the optomechanical dynamics, with emphasis on two possible configurations: cascade and feedback coupling between the cavities. Finally, we draw some conclusions and we discuss the perspectives of this work in Section V.
II. MODEL HAMILTONIAN
We consider two coupled cavities, one containing an atomic ensemble and another including a mechanical resonator. We will refer to them as the atomic cavity and the optomechanical cavity, respectively. The two cavities are optically coupled to obtain an effective interaction between the atomic ensemble and the mechanical element. A possible realization of the system is sketched in Fig. 1 . The full Hamiltonian describing this setup is
where H ca , H cm describe the optical fields in the two cavities, H AM represents the coupling between the two cavities, H OM contains the optomechanical interaction, H atom accounts for the atomic dynamics that will be discussed in detail in the following Section, and H loss denotes the various (atomic, optical and mechanical) loss mechanisms.
The cavities have the decay rates κ ci = FSR i /F ci , where FSR i = 2πc/2L ci is the free spectral range, L ci being the length of the cavity and F ci the cavity finesse. Here the subscripts i ∈ {a, m} denote the atomic and optomechanical cavity, respectively. We assume throughout that F ca F cm . The dynamics in the atomic cavity is described by H atom + H ca , with
whereâ denotes the annihilation operator for the cavity mode, which acts as the coupling field. The cavity is driven by η a = P in,a κ l,ca / ω ca , with P in,a the power of the input coupling beam and ω ca the cavity resonance frequency and κ l,ca indicates the coupling through the left (input) mirror of the atomic cavity. Its value depends on the type of cavity we are considering [21] . Similarly the Hamiltonian for the optomechanical cavity can be written as H cm + H OM where
andĉ is the annihilation operator for the cavity mode with frequency ω cm , η c = P in,c κ l,cm / ω cm , P in,c being the input power. The optomechanical interaction is
whereb annihilates phonons of the relevant mechanical oscillator mode, with frequency ω m , and g 0 is the single photon optomechanical coupling. Finally, we describe the coupling between the cavities by the Hamiltonian
where J is a the phenomenological constant. The technical details leading to its specific value depend on the specifics of the experimental setup, in particular the mode matching of the coupling field between the two cavities. Neglecting all coupling losses and assuming perfect mode matching, we set J = √ κ l,ca κ l,cm [22] .
III. OPTICAL RESPONSE OF ATOMIC Λ SCHEMES
In this section we introduce two specific atomic Λ configurations. The intent is to exploit their narrow and tunable spectral features to resolve the mechanical degree of freedom. The level diagrams are given in Fig. 2(A,C) . In both cases, we assume that the atomic ensemble is confined in an optical cavity, as shown in Fig. 2B . A strong (classical) control laser with frequency ω 1 and a weak coupling laser with frequency ω 2 interact with a chosen atomic transition of frequency ω 0 . To study the optical response of the atomic ensembles we consider an isolated atomic cavity with Hamiltonian
where H loss accounts for all relevant (atomic and optical) loss mechanisms. 
A. Electromagnetically Induced Transparency
In this scheme, sketched in Fig. 2A , we take advantage of the internal energy level structure of the atoms, in particular the splitting in Zeeman sublevels of a hyperfine manifold, where the energy difference between the states can be tuned via an external magnetic field B ext . The two levels |g and |m are Zeeman sublevels of the ground state manifold with energy difference ∆ m µ B g F B ext , where µ B is the Bohr magneton, g F is the Landé factor and ∆ m is the difference in the magnetic quantum number. The state |e is instead chosen from an excited manifold.
We assume a tightly trapped atomic sample, such that recoil effects are negligible. Furthermore, to ensure stable steady-state conditions we assume that the atomic ensemble is simultaneously cooled by Raman sideband cooling, so as to repopulate the ground state with high fidelity [23] even in the presence of the coupling laser.
In terms of the atomic operatorsσ ab = |a b| the atomic Hamiltonian is
where H 0 = a={g,e,m} ω aσaa describes the noninteracting internal level structure and the second term contains the interaction of the atomic levels with the control and coupling fields,
em
Here Ω is the Rabi frequency for the (classical) control field and E a is the real single atom Rabi frequency for the intra-cavity field,â. We adopt the interaction picture for the atomic levels and work in a rotating frame at the coupling frequency ω 2 . Assuming that the light and the atomic system correlation functions factorize, the equations of motion for the expectation values of the atomlight system in the cavity are then
The terms γ l , l = {e, m} lead to decay of coherence due to atomic dephasing mechanisms, mainly spontaneous emission from the excited or metastable levels |e , |m . We have also introduced the detunings ∆ ca = ω 2 − ω ca , ∆ a = ω 2 − ω eg and ∆ c = ω 1 − ω em . For ∆ a and ∆ c much larger than the width of the excited state, the atoms are populating only the lower two states, such that σ ee = 0 and the total number of atoms is N = N g + N m with σ gg = N g and σ mm = N m . To find the atomic susceptibility we consider the steady state of the atomic coherences in their respective rest frames and neglect higher order terms in the atom-field coupling E a and Ω = 6γe (blue dashed line). For the single atom Rabi frequency of the coupling field we assume Ea = 2π × 100 kHz, while the mechanical frequency used only as normalization is ωm = 2π × 300 kHz.
Here we have introduced the two-photon detuning δ = ∆ a − ∆ c . The first term in the atomic susceptibility (16) , dependent on N g , is the usual EIT susceptibility with zero population in the metastable state. In the following we consider that situation and choose N g = N . The equation of motion for the expectation value of the intracavity field becomes then
and the steady state for the cavity field is
which clearly shows the modification of the cavity response by the the atomic system in the form of a modified detuning ∆ af = ∆ ca + Re[χ EIT ] and decay rate Figure 3 shows the imaginary and real parts of the EIT susceptibility as a function of the two-photon detuning. It displays are two main features: an atomic resonance, due to the metastable state |m dressed by the strong control field; and the EIT or two-photon resonance, due to the Raman coherence established between |g and |m . The latter is located at δ = 0 and it is characterized by a vanishing dispersion, while the former is dominated by atomic absorption and its position is set by the dynamical Stark shift, δ = Ω 2 /∆ a . The strength of the absorption is directly proportional to the total number of atoms and inversely proportional to the single-photon detuning, since the coupling is mediated by the excited state, and its linewidth may by tuned by changing the amplitude Ω. Figure 4 shows the corresponding intracavity field amplitude as a function of the detuning from the cavity resonance. Note the drastic reduction in the effective cavity line width as a result of the interaction with the atoms. The origin of this narrowing is the interplay between atomic absorption and dispersion. There is a strong suppression corresponding to the atomic resonance, where the light is almost completely absorbed by the atomic cloud. The atomic dispersion corresponding to the real part of the susceptibility has a smaller peak value than its imaginary counterpart, but its baseline tends to a constant value away from the resonance and it affects the cavity response. Note that the position of the cavity resonance is not shifted as compared to the bare case since the atomic dispersion vanishes at the two-photon resonance, a well-known property of EIT. The absorption at cavity resonance determines the small difference between the bare cavity response and the atomic case. The effective linewidth of the cavity is also influenced by the separation between the atomic and EIT resonances: this can be controlled via the intensity of the control field Ω, as shown in Fig. 4 , or via the single-photon detuning ∆ a . 
FIG. 4. (Colors online)
. Normalized intracavity electric field of the atomic cavity. The cavity has a decay rate κca = 2π ×70 MHz and it is resonant with the two-photon resonance of EIT, δ = ∆ca. We consider an atomic ensemble in EIT configuration with N = 10 8 atoms and control amplitude: Ω = 4γe (red dot-dashed line), Ω = 6γe (blue dashed line). The black solid line represents the cavity response without atoms.
B. Recoil Induced Resonances
We turn next to an atomic Λ system that relies on the motional states of the ultracold gas. In particular, we evaluate the optical response of the gas in the vicinity of a recoil-induced resonance wherein the motion of the atoms under the influence of optical fields can mediate the conversion of atomic kinetic energy into radiation. We consider an atomic cloud of N atoms confined in a cylindrically symmetric trap with the axial confinement significantly weaker than the radial confinement. This one-dimensional geometry enhances atomic recoil effects along the weakly confined axis. Along this axis, the atoms are illuminated by a strong control laser with frequency ω 1 and wave vector k 1 , and a weak counterpropagating coupling laser with frequency ω 2 and wave vector k 2 . The relevant energy levels are sketched in Fig.  2C . The energy difference between the two lower lying states can be changed by detuning one of the lasers.
In the absence of collisions but accounting for photon recoil, the Hamiltonian describing the interaction of the atomic ensemble with the light fields is H = k H k , with
Hereĉ g (k) andĉ e (k) are the annihilation operator of a ground and excited state atom with momentum k, respectively. They follow standard bosonic commutation relations, ĉ i (k),ĉ † j (k ) = δ kk δ ij . As before the Rabi frequency for the control field is Ω and E a is the single atom Rabi frequency for the intracavity field,â.
The expectation value for the intracavity field is governed by the equation of motion
where we have added cavity dissipation and drive in the familiar fashion.
We introduce the single-photon detuning ∆ a = ω 0 −ω 1 , and the two-photon detuning, δ = ω 2 − ω 1 and, as in the case for EIT, assume a large single-photon detuning such that (δ, Ω) ∆ a . In this limit, we can adiabatically eliminate the excited state and evaluate the equations of motion for the ground state populations and momentum state coherences of the atomic gas [17] . Details of this calculation are outlined in Appendix A.
We define the momentum-dependent population in the ground state, Π p , and the ground state coherences between adjacent momentum classes, ζ p±1 , as
Assuming an initial ground state population momentum distribution Π th that is in thermal equilibrium at temperature T a , we can write the coupled system of equations for the atomic populations and coherences as
where
is the atomic recoil frequency, 2k 0 = k 1 − k 2 , the dimensionless momentum p = k/(2 k 0 ), and we have introduced the normalized control strength β = Ω/∆ a . The last two terms in the equation for the population are due to the fluctuation-dissipation theorem.
Assuming that the atomic populations remain in thermal equilibrium and that the coherences reach steady state over the time scale of the evolution of the electric fields, the equation of motion for the mean intracavity field becomes
where ∆ ca = ω 2 − ω ca is the detuning of the cavity from the coupling frequency. This is essentially the same as for EIT, except that the susceptibility is now χ RIR . For a strong control beam that does not suffer any significant depletion, we can solve for the steady state of the intracavity field to get
with
.
(30) Figure 5 shows Im[χ RIR ] and Re[χ RIR ] as functions of the two-photon detuning for a thermal ensemble of ultracold atoms. The atomic susceptibility depends on the number of atoms N , the Rabi frequency Ω, the singlephoton detuning ∆ a and the temperature of the ensemble T a . The decoherence rate γ coh depends both on offresonant light scattering as well as atomic collisions. For a laser cooled atomic gas, decoherence rates as low as 1 ms −1 have been demonstrated [17] . This is more than two orders of magnitude smaller than the typical mechanical resonance frequency ω m that we consider in this work.
As with EIT, the RIR results in modifications to the atomic susceptibility with the detuning changing to ∆ af = ∆ ca + Re[χ RIR ] and the decay rate changing to κ af = κ ca /2 + Im[χ RIR ]. As will become apparent in Section IV, the effect of recoil resonances on the coupling field is formally analogous to the optomechanical effects inside a cavity with a moving mirror, with the difference that instead of having a single frequency as is the case in single-mode optomechanics, we now have a distribution of frequencies associated with the center-of-mass momentum distribution of the atoms. The presence of a negative susceptibility Im[χ RIR ] for negative detunings δ is indicative of gain in the atomic medium, leading to an exponential build up of the coupling laser in the linear, small signal regime. Figure 6 shows the normalized cavity field amplitude as a function of the cavity detuning ∆ ca for the parameters of Fig. 5 . The field amplitude is strongly suppressed for small positive detunings. Also, for various combinations of scaled control fields β and temperature T a , there is a dramatic build-up of intensity for a narrow range of frequencies at negative detuning. Within this window, the atomic gas mediates the coherent transfer of energy from the control field to the coupling field, leading to gain in the latter. The gain feature can be tuned in frequency by varying the control detuning, intensity and the temperature of the atomic ensemble.
Importantly we note that while the linearized theory would predict an exponential growth of the coupling field with increasing atom number, the actual gain is limited in practice by depletion of the control field. Such saturation effects are not accounted for in the present description. Our specific examples of experimental parameters have been chosen so as to safely stay away from such limiting effects. Summarizing this section, both the EIT and RIR schemes lead to frequency dependent atomic susceptibilities with spectrally narrow features as shown in Fig. 3 and Fig. 5 . In the EIT scheme, the two-photon resonance corresponds to a narrow window of vanishing absorption and dispersion that leaves the coupling field unchanged. In the case of RIR, the atoms act as a gain medium, converting control photons to coupling field photons via atomic recoil, leading to an enhancement of the latter within a narrow range of frequencies as shown in Fig.  6 . Both effects can be used to enhance optomechanical cooling. In the EIT scheme, this results from a reduction of the effective linewidth of the cavity down to the range of the transparency window of the atomic medium while in the RIR scheme, the atomic gas acts as a gain medium enhancing the coupling field around the anti-Stokes sideband.
IV. HYBRID ATOM-OPTOMECHANICS
We are now in a position to investigate the effect of the atomic ensemble on the cooling properties of the hybrid optomechanical setups of section II. From the Hamiltonian (1) the equations of motion for the optomechanical cavity fieldĉ and the mechanical modeb arė
where we have introduced the mechanical damping rate γ m = ω m /Q, with Q the quality factor of the mechanics. We assume κ ca κ cm which implies that, over the timescale of the dynamics of the optomechanical system, the atomic cavity follows adiabatically the dynamics of the mechanical resonator.
We consider in the following the two specific scenarios of feedback and cascade couplings illustrated in Fig. 7 . In the former case, light is pumped (from the left) into the optomechanical cavity, and then coupled (from the right) into the atomic cavity. In the latter configuration, the driving field first propagates through the atomic medium and is then injected into the optomechanical resonator.
FIG. 7. (Colors online)
. Schematic of the two atom mediated optomechanical coupling schemes. In setup A, the atomic cavity provides a feedback system for the optomechanical cavity. In setup B, the external drive is filtered through the atomic medium before being injected into the optomechanical cavity.
A. Feedback coupling
Consider first the feedback scheme of Fig. 7A . The output of the optomechanical cavity drives the atomic cavity, so that the cavity field driving term η a in Eqs. (18) and (29) is now −iJĉ. The assumption that the atomic cavity follows adiabatically the evolution of the optomechanical cavity field allows to replace â by
where we dropped the subscript for the atomic susceptibility for notational convenience. In a frame rotating at the drive frequency ω 2 , the equation of motion for ĉ then simplifies to
where ∆ cm = ω 2 − ω cm . It is clear from this expression that the linewidth κ cm of the optomechanical cavity is modified by the field in the atomic cavity: this is exactly the effect of the feedback coupling. We now introduce the normalized displacement operatorx =b +b † , and we decompose the operatorŝ c = ĉ + δĉ andx = x + δx, into a classical average value corresponding to the steady state, and small fluctuations around it. Linearizing the equations of motion we arrive at
The fluctuations in the cavity field are governed by the equation of motion
(36) where we have introduced the linearized coupling constant g = g 0 ĉ , which can be taken to be real without loss of generality. This equation can be solved easily in the Fourier domain to get
and δĉ
The dynamical radiation pressure force at the mechanical frequency is given by
, where G = g/x zpt and x zpt = /(2mω m ) is the zero point motion of the mechanical oscillator. This gives
and χ (±) is the susceptibility evaluated at ω 2 ± ω m . The real and imaginary parts of δF RP change the spring constant and damping rate of the mechanical oscillator via dynamical back-action [1, 2] , with
We recognize the familiar two components deriving from the Stokes (red-) and anti-Stokes (blue-) sidebands. In particular, the optical damping rate can be written as
Solving for the steady state minimum occupation number for the mechanical mode coupled to a thermal bath, we obtain Here, n bath = k B T bath / ω m 1,with T bath the temperature of the thermal bath of the oscillator. If we assume ω m = 2π × 300 kHz with Q = 5 × 10 7 at room temperature [18] , we can estimate the minimum optical damping needed to reach ground state cooling as Γ opt > 2π × 125 kHz. ω m . Remarkably, we find in the intermediate regime a configuration that leads to ground state cooling from room temperature, as clearly shown in Fig. 8(c) . Introducing the hybrid system improvement factor
we have ξ ≈ 2 for this situation, a value necessary to obtain n min < 1 in that case. We observe also that the best cooling is obtained for −ω m <∆ cm < 0 on the red side of the resonance, but slightly shifted compared to the familiar resolved side band condition∆ cm = −ω m . Figure 8 (f) shows that in the Doppler regime the improvement factor increases to ξ ≈ 3, even though the system is cooled to a mean phonon number still far removed from the ground state. Interestingly, though, the strongest cooling feature is now on the blue-side of the resonance, corresponding to∆ cm = ω m .
We can gain some degree of intuitive understanding of these results by considering the intracavity fields of . Maximum optical damping rate for the hybrid atomic EIT optomechanical system with feedback couplingumber N . Here ωm = 2π × 300 kHz with a quality factor Q = 5 × 10 7 and temperature T bath = 300 K, P = 200 nW, g0 = 2π × 200 Hz, κca = 2π × 70 MHz, ∆a = 500γe, and κcm = 2π × 240 kHz. The area enclosed by the black line corresponds to Γopt > 2π × 125 kHz and hence to ground state cooling, nmin < 1, for these parameters.
Eq. (35), see Fig. 8(a,d) . As is well known [2] the optical damping finds its origin in the difference between the two mechanically generated sidebands, located at ∆ cm = ω 2 ± ω m , whose shape is determined by the intracavity field. Without feedback each sideband has a single peak. Their difference is always positive on the red-side of the resonance, corresponding to cooling. Instead, in the hybrid configuration there is a dip in the field at resonance. The situation is less clear-cut in the presence of feedback, and a more detailed quantitative analysis is required in general to understand the detailed features of cooling, in particular whether it occurs on the red or blue-detuned side of the resonance. First, we note that at the atomic resonance the light entering into the feedback cavity is completely absorbed, thus providing no coupling back to the optomechanical cavity. Second, for situations where the atomic cavity field is small, the field in the optomechanical cavity remains closer to the uncoupled (J = 0) case. Finally, at the cavity resonances ∆ cm = ∆ ca = 0, where the atomic susceptibility vanishes, the feedback field simply contributes an additional term 2J
2 /κ ca to the optomechanical cavity linewidth. This induces a dip in the field that is absent without feedback, see dotted red lines in Fig. 8a and Fig. 8d . Away from these limiting situations both the spectral properties and amplitude of the feedback field depend on the linewidth established by the combined effects of Ω and N . In the extreme Doppler regime κ cm ω m , the widths of the sidebands are much broader than their separation, see Fig. 8d . This results in a situation opposite to the familiar resolved side band regime, with cooling on the blue-side and heating on the red-side, see Fig. 8(e) . When reducing κ cm and moving towards the resolved sideband regime, the two peaks in the field start to be be resolved, and this enhances cooling on the red side of the cavity resonance as emerges from Fig. 8(b) . Figure 9 shows the dependence of the optical damping on the control Rabi frequency Ω and atom number N for the case leading to ground state cooling from room temperature. Importantly, the parameter region that results in such cooling is large, an indication of the robustness of the hybrid system approach with respect to parameter fluctuations.
Finally, Fig. 10 plots the improvement factor ξ for a large range of optomechanical cavity decay rates. Deep in the Doppler regime the atomic ensemble provides an improvement of almost two orders of magnitude over conventional cooling. This factor decreases as one approaches the resolved side-band regime, but interestingly, the border between the two regimes is characterized by a feature that allows for ground state cooling as highlighted in the inset. We remark that the advantage of working in an intermediate regime between the resolved side band and Doppler regime has also recently been pointed out in Ref. [7] in a different context. 
B. Cascade coupling
One can envison a similar enhancement of optomechanical cooling using the motional states of the atomic gas via a recoil-induced resonance. In order to take advantage of the spectrally narrow gain feature associated with the RIR, we turn to a configuration where the amplified output from the atomic medium directly drives the optomechanical cavity. Furthermore, in order to ensure gain within a single frequency window, we assume that the atomic medium is trapped in free space instead of within a cavity (see Fig. 7 B) .
To account explicitly for the effects of photon recoil is is useful to introduce the new bosonic annihiltion operationsâ →â p = (1/ √ 2)âe ikz , where the factor of 1/ √ 2 accounts for quantization of the field in terms of running waves modes and e ikz is the phase of the propagating field along the z axis. The coupling field Hamiltonian Eq.2 becomes then
and the coupling between the two field modes
where J = κ a κ cm /2 and κ a = c/L a is the free-space decay rate of an atomic cloud of length L a . A large decay rate implies that the expectation value of the coupling field comes to a steady state over a very short time period. Thus,
Inserting this form in the equation of motion for ĉ , and in a frame rotating at ω 2 gives
We now have an additional drive term that has a frequency dependence due to the susceptibility of the atomic cloud. As a result, the steady state and fluctuations of the optomechanical cavity field are given by
The dynamical radiation pressure force at the mechanical frequency thus becomes
where g = g 0 | ĉ | 2 , and the intra-cavity field evaluated at ω = ω 2 + ω m . The optically mediated cooling rate and spring constant become
where∆ ± cm =∆ cm ± ω. Figure 11 shows the intracavity intensity, optomechanical cooling rates, and minimum steady state occupation number of the mechanical mode with and without the atomic medium. In these results, the parameters for the atomic ensemble and the coupling field are chosen so as to realize a gain feature around the mechanical resonance frequency ω m . The optomechanical cavity parameters and the mechanical oscillator parameters are the same as for the EIT case, except for a lower input power of 1 nW to avoid parametric instabilities. As can be seen, the coupling to the atomic medium results in a dramatic enhancement to the cooling rate for∆ cm ≈ −ω m . It corresponds to a decrease in the phonon number of the mechanical resonator by over two orders of magnitude.
The enhancement to optomechanical cooling due to the RIR can be quantified in terms of the dimensionless parameter ξ of Eq. (44), see Fig. 12 . It reveals substantial optomechanical cooling due to the atomic medium over a wide region extending well into the Doppler regime of the optomechanical cavity. (Note that for very large κ cm , the optomechanical cavity becomes too lossy for an appreciable intensity to build up within the cavity, leading to a decreased influence of the atomic medium.) 7 , T bath = 300 K and P = 1 nW. The atomic parameters for the RIR are the same as in Fig. 11. regime. In the case of EIT, the creation of a narrow window of field suppression around cavity resonance allows to eliminate the unwanted sideband thus improving cooling. This explains why cooling occurs on the blue side of the cavity resonance, in contrast to the more familiar resolved sideband regime situation. In the case of cascade coupling, the intrinsic asymmetry in the two sidebands is strongly enhanced as a result of interaction of the singlemode coupling field with the atomic medium, resulting in cooling on the red side of the cavity resonance.
A comparison of the improvement factors for the EIT and the RIR scheme, see Figs. 10 and 12, indicates that the latter yields the most dramatic improvement in optomechanical cooling. However, this comes at the expense of diminished tunability due to the sensitive dependence of the RIR process on trap parameters and the temperature of the atomic ensemble.
V. CONCLUSION
In summary we have investigated two hybrid quantum systems consisting of a cavity optomechanical system optically coupled to an ultracold atomic gas. We demonstrated theoretically how the dispersive and gain optical properties of the atomic gases are exploited to modify the optomechanical response of the mechanical resonator, resulting in significantly enhanced cooling of the resonator, even for an optomechanical system that is nominally in the unresolved sideband regime. We considered both the interaction of the optomechanical system with the spin degree of freedom of the atomic gas through a EIT feature as well as an interaction with its motional degree of freedom through a recoil induced res-onance (RIR). In either case we found broad and robust parameter regimes wherein the mechanical resonator can be cooled to the ground state from room temperature. In the case of EIT, the improvement in optomechanical cooling is due to the narrow transparency window at the two-photon resonance that enhances the spectral asymmetry between the Stokes and anti-Stokes sidebands induced by mechanical motion. In the case of the RIR, optical gain enhances the anti-Stokes sideband leading to enhanced cooling. These results pave the way towards ground state optical cooling of low frequency mechanical resonators.
The concrete examples considered here illustrate in relatively simple situations realizable with existing technology the considerable advantages provided by the exquisite optical control of ultracold atomic gases for the quantum control and manipulation of a mesoscopic mechanical resonators. They also hint at powerful schemes that can be conceived to dynamically tune the optical response of cavity optomechanical systems for various sensing, transduction and state transfer protocols. These aspects of hybrid systems with ultracold atoms will be considered in some detail in future work.
ρ ee → 0, since the spontaneous emission rate is much larger than the rate of population and coherence buildup, γ e |Ω| 2 /∆ a . Introducing the new variables introduced in main tex, such as e.g. the recoil wave vector 2k 0 = k 1 − k 2 , dimensionless momentum p = k/2 k 0 and a dimensionless parameter characterizing control coupling β = Ω/∆ These are the steady state values of the atomic coherences used in the equation of motion of the coupling field.
